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ABSTRACT . \ 

Since Berlin andv Kay«s proposal in 1969 of two 
universals coucerning the meanings of basic color words, three kinds 
of information have become available to help in understanding the 
encoding sequence, that is, the temporal order in which the basic 
color categories are accorded lexical status, HcDaniel (1972, 1974, 
forthcoming") demonstrates that the encoding sequence is best 
understood ^ot as the succe^ssive encoding of foci, but as the 
successive ;iif feren^tiation (of color categories. Field studies of the 
color sys . ms of a Jivaroari, a Hayan, a\ Papuan, an Eskimo and three 
Austrones..<»Ai la?iguages have \ been critical in understanding the 
encoding se^ t*- ^ Fuzzy set^ theory as jieveloped by Zadeh (1965/^,.. 
1971) provides a formalism for expressitig the understanding of "t^isic 
color categories. The present^ study brings together work by HcDaniel, 
the field studies, and fuzzy sjet foiLm9;^ism, If a color category ii^ 
viewed as a fuzzy set, vaci^llatlon ^between focus and boundary is 
avoided when discussing universal color categories, their 
interrelations, and the sequence in which they are encoded in 
evolving, color lexicons, (CLK) 
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In Basic Color Terms (BCT) Berlin and Kay (1969) proposed two unl- 
versals regarding the meanings fjf basic color vords: 

(1) There Is a small, universal set of perceptually definable color 
categories on which the meanings of basic color ^words In all Tan- 
guages are based, Henct: basic color words are more simply and directly 
translatable across languages than was thought by linguistic rela- 
tivists (e.g., Gleason 1961:4; Ray 1952:252; Bohannon 1963:35-7). 

(2) There exist strong constraints on the temporal ordfr in which the 
b^sic color categories are accorded lexical statusl Hence if we 
know the number of basic color terms in a system, we-can-predlct 



to a fairly close tolerance just what the meanings of these terms 

\ 

are. 

In BCT ^^th universal hypotheses w^re expressed In terms of color 
category prototypes rather than in terms of ciategory boundaries.' It was 
found that subjects could more readily identify the focal *or ideal stimuli 
for a color term than the boundary of the category. Subjects could easily 
pick from an array of color stimuli an ideal or prototypical Instance of a 

■ ' - A •. _;■ _„ : 

color category, whereas quest-ions- deslgned to elicit the boundaries of 
categories were, to a much greater degree, met with long hesitations, 
requests for clarification, and instability of response across subjects and 

across trials. Quantitative data on the extent to which judgements ofx 

/ 

category foci exceeded judgements of category .boundaries in consistency and 

. \. • . " ■ 

ease of response weie not obtained, in part because the effect was so over- 
whelming that quantitative documentation seemed gratuitous and in part 
because it was not envisaged that the contrast would play a formal role in 



the developing theory. ^ . . 

Thus In 1969 the available data indicated that the foci of cate- 
gories rather than their boundaries were the appropriate units In which' to 
express the universal hypotheses (1) and (2), This choice, however^ lead 
to equivocation In the expression of the encoding sequence, ^ince while the 
formal expression of the sequence (cf . Figure 1) spoke only of category 
foci, the Informal discussion explicitly considered category boundaries and 
dealt specifically with the changes In category boundaries which occur as 
successive foci are encoded. For example, the category designated 'RED', 

whose ei^codlng marks developmental Stage II, contains at that stage the 

■•■ ■ ~ ' -- — ^ 

warm colors, 4.nc.iudlng yellows. But when yellow Is accorded Its own term, 
at Stage Illb or IV, 'RED' Is restricted to reds. Hence the equivocation: 
'RED' designates^ the warm colors at one stage and only reds at a later 
stage. The same equivocation applies to all the color percepts designated 
in BCT by capital letters: BLACK, WHITE, RED., GREEN, YELLOW. While the 
text of BCT speaks of the encoding sequence in terms of the ^'successive 
encoding of foci," it also interprets symbols such as 'RED' in terms of 
boundaries, and, to make matters worse, in terms of different boundaries 
at different stages. The elements of Figure 1 were interpreted sometimes 
as foci and sometimes as bounded regions, and in the latter case a given 
element did not always designate the same region. 
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white 



black 



[red] 



[green] ^ [yellow]^ 



[yellow]-^ [green] 



[blue]— ^[brpwn]. 



purple 
pink 
orange 
grey 

<BCT:4) 



...whenever we speak of color categories, we refer to the foci of categories 
. ■■ ■ - ' - / . • . 

rather than their b oundaries or total area , except when specifically stating 

otherwise" (BCT:13). 



The Original Encoding Sequence and Its Interpretation 



Figure 1 




since 1969, three kinds of Information have become available which 
pen&lt U8 to remove the equivocation In the expression nnd interpretation of 
the encoding sequence. The first is from the work by McDanlel (1972, 1974, 
forthcoming) which explains the existence of the universal color categories 
and th^lr , sequential encoding in terms of an opponent processes model of the 
neural encoding of color sensations. McDanial (1974, for.thcoming) shows that 
color categories as such, and not merely focal colors, are the basic iinits 
involved in the encoding sequence. He demonstrates that the encoding .^sJequence^^ 
is "bes thunders Cood not as the successive encodii-g of foci, but Instead as the 
successive differentiation of color categories. This interpretation of tljie 
encoding sequence is followed in this paper. 

The second kind of new information comes from a series of controlled 
field studies of the color systems of a Jlvaroan, a Mayan, a Papuan, an Eskimo 
and three Austronesian languages (Berlin and Berlin 1975; Haipkness 1973; Hage 
and Eawkes n.d.; Helnrich 1973; Dougherty 1974, 1975; Helder 1972a, b; Kuschel 
and Monberg 1974). These data have been critical in the dcvelopm^^nt of 
the new understanding of the encoding sequence and the results of' these studies 
as regards the substance of the encoding sequence ^e summarized in Berlin and 
Berlin (1975), Dougherty (1974-, 1975), Kay (1975), and McDanlel (1974, forth- 
coming). 

The third development which now allows us to escape the equivocation 
of the original Berlin and Kay (1969) formalatlcns is an appropriate formalism 
for expressing our new understanding of basic color categories. Fuzzy set 
theory as developed by Zadeh (1965, 1971) provides such a formalism (cf. also 
G. Lakoff 1972). The purpose of the present paper is to bring together the 
work by McDanlel and the empirical insights of the field linguists cited above 
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with the fuzzy set formalism, whl,ch appears Ideal to represent basic color 
categories as they are now conceived. In particular. If we view a color 
category as a fuzzy set. we are saved ^from having to vacillate between focus 
and boundary when discussing universal color categories, their Interrela- 
tions, and the sequence In which they are encoded In evolving color lexicons. 



Fuzzy Sets, Memberships 



\ 



This^and subsequent sections prM for the convenience of the 

non-mathematical reader, a non-rigorous description, of the basic elements of 
fuzzy set theory. The mathematical reader Is referred to the original works 

' ' % . 

of L.A. Zadeh (1965, 1971). Consider the words Congressman and gourmet . The 
former seems to denote a set In the accepted sensef In particular something 
Is either a Congressman or It Is not — the Congress does not admit of degrees 
of membership. This Is the only sort of set that standard ,set theories coun- 
tenance. On the other hand gourmet (like many other words) seems to denote 
something very like ffet, except that Individuals appear to have different 
degrees of membership. Charles may. be more of a gourmet than Harry^ and less 
of a gourmeti than Anne. Zadeh has constructed the notion of fuzzy set to 
formalize this sort of Intuition. > 

A fuzzy set A Is defined by a characteristic function f^ which 
assigns to every individual x in the domain under consideration a number 
f^(x) between 0 aud 1 inclusive, which is the degree of membership of x in 
A.^ For example, JettJ ig *f-,V symbolize the characteristic function of the 

. \ ■ • 

fuzzy set gourmet, perhaps f. (Harry) = .4, f (Charles) = .7, and f-,(Anne) » 
.9. If so the :*.aequalltlfes given above \a words are satisfied: 

f^(Charles^ > f^(Harr>r) and f^ (Charles) < f;,(Anne). 

G G ' O \ G 
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Color categories are Ideally suited for interpretation in terms of 
this fuzzy set formalism. That degrees of color category membership are 
commonly recognized is apparent from even casual consideration of the ways ' 
\color8 are talked about. There are £ood and £ure reds and there are poor 
and off reda. To te a £ure red is to be more a memb« of the class of red 

things than to be in off red . Blue-greens , which are neither good greens 

nor^good bines, are\^ referred to by a construction which explicity recognizes 
the intermediate, dual category Membership of, the colors called by this name.' 
The phvase a slightly purolish-hlne Jg most apprbpriate for a sensation which^ 
is 4nly marginally a liiember of the category purple while being a nearly 

perfect example of the\category blue . i 
/' . \ . , . . ■ i 

, As thes.e ei^amples illustrate, nearljf all of the productive uses of 
'\ , ^ - j ■ ■ ■ • . 

color terminology that can be observed indicate that color percepts contin- 
uously intergrade. Thus Gleason (1955), Ray ^952) and others are correct, in 
theii^l-assertion that colors form a perceptualj continuum. They are wrong in 
their assertion that this continuum is arbitrarily segmented or categorized. 

■si * : 

As noted, Berlin and Kay (1969) demonstrate that there are universal' focal ' 
colors which are prototypical examples of the basic color categories named 
in all languages. (However, as.we shall see, basic color terms do- not in all 
languages map one to one onto the universal, color categories.) Treating 
color categories as fuzzy ^ets, the regions in the color space where these 
focal colors are located can be understood as regions where color category 
membership values universally reach\ maxirta. 

McDaniel (1972, 1974, forthcoming) .shows that there are also uni- 
versal constraints on the spectral locations of color category boundaries. 
In the fuzzy set framework these may be understood as points in the 6olor 

11 



space 1 where certain category memberahip values always reach zero. As one 
moves ^rom the boundary of a color category toward Its focus, the msmbersh^p 
^ valBfes Increase gradually from zero to unity. The Intergradlng of color 
categories Is captured In this model by assigning many colors positive 
degrees of membership In more than one color category. For example a bluelsh 
green Is a color that has greater membership In green than In blue'. The 
difficulties subjects experience making boundary judgements simpljf reflect 
the fuzzy nature of color category membership in these non-focal Jreglons of 
the color space, where the colors perceived are examples, that is memb&rs, 
of several basic color categories. 

Color thus presents Itself as a perceptually continuous domain 
which the speakers of all languages fuzzy-categorlcally segment In accord 
with a universal set of fuzzy color categorization principles. McDanlel 
(1974, forthcoming) notes that this understanding of basic color perception 
\and categorization parallels the treatment of color categorization Impllcl't . 
• in- the opponent process model of huami col^r vision. The opponent process 
model, for which DeValols, and his co-Vrkers have recently provided direct 
neurophyslo logical evidence (DeValols, Abramov. and Jacobs 1966; DeValols 
and Jacobs 1968). postulates that all colors are perceived as either pure, 
unique Instances or asMntergradlng mixtures of six discrete primary color 
sensatlons-^-whlte. black, red, yellow, green and blue. 

Psychophyslcally determined wavelength distributions of the 
four chromatic fundamental color responses are shown in Figure 2a,. The 
points marked R, Y, G, and B represent points along the spectrum where 
unique, pure Instances of the four fundamental hues are perceived. All 
Other hue perceptions are seen as combinations In varying degrees of pairs 



of these fourrfuhdamental hues. A quantity often 'use& by psychol- 
ogists working with this model to Indicate perceived hue is the hue coef- ■ 
ficlent, which specifies at each wavelength what percent of the asso^ated 
hue sensation subjects report as being contributed by each of the four 
fundamental hues. A typical hue coefficient diagram, derived from Figure 2a,i 
is shown in Figure 2b. The diagram indicates that subjects report the hue 
associated with light of 475 nm is perceived as 100% or uniquely blue, while 
light of 650'^nm is perceived as 50% red and 50% yellow. 

McDanlel (1972, 1974, forthcoming) has shown that if we take this 
opponent processes model and the hue responses and hue response distributions 
it embodies. as glvens and simply assume that basic color terms are named for 
these neural events and comblnatlons^of these neural events, the universality 
of basic color category foci and boundaries and their sequential encoding can 
be understood as the dlyect reflect in language of the neural processes 
underlying the human perception of color. 

Following this analysis, the formal expression of the understanding, 
of basic color categories we present here begins with the assumption that the 
psychologists' hue coefficient measures can be .taken as characterizations of 
four primitive color category membership functions. In^ Figure 2c, four 
priipitive fuzzy sets-blue, green, red and yellow-are depicted in a universe 
where, for simplicity of presentation, saturation and brightness are held 
constant and variation in hue is characterized in terms of the corresponding 
physical, measure, wavelength. The figure shows for each wavelength, the 
degree to which a saturated color of that dominant wavelength is a member 
of the universal perceptual categories blue, green, yellow or red. The 
points of maximum membership indicate the spectral locations of focal blue, 
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Figure 2a. Cfaromatlc valences of the opponent process Tnechanlsms by wavelegth. 
Values are theoretical values determined by Wooten (1976) using methods 
outlined in Hurvich and Jameson (1968) . Extra-spectral values (points below 
400 nm and above 700nm on the x-axis) can be estimated, but ark h^re» as in 
Wodten, left undefined. 
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MVELENGTH (nanone tiers) 



Figure 2c. Membership functions f6r the primary basic categories red^ yellow, green 
and blue. The points of maximum and minimum membership are the same as those 
determined by the hue coefficient calculations summarized In Figure 2|5. 
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. Figure 2b. Hue coefficients calculated /from opponent response chromatic valence / ' 
values given In Figure 2a by the equat;lons HC^g-" jRCl 7 iRGl+lYBjand \ 
HCy^p|YBl/|RG|+|YBj. (It .should be noted that HC^g"» l-HC^^. ) Point I 
shown , at 400nm Indicates that when light of this wavelength is aeeri . / — ; 
subjects report the percleved hue as roughly 15% red and 85% blue. / I 

• •'■/■■ ■ 

; 
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green, yellow-and red. The membership maxima (focal points) for these four 
f undamental hues correspond In wavelength to the points where membership 
value reach zero for the adjacent fundamental categories. - These four focal 
points correspond logically and in physical measure to the physiologically 
unique hue points posited by the opponent process model ^(McDanlel 1972, 
forthcoming). Hence each of these curves, like the hue coefficients, has a 

single maximum at its own unique hue point and meets the abclssa at the 

' ■2 ^ ' 

neighboring unique hue points. 

^ Taking these membership functions as primitives, we can show that 

all basic color categories at all stages of basic color lexicon development 

can be treated formally as functions defined on these primitive membership 

functions. Simplest are Stage V color term systems, with six basic color 

terms. These systems associate a single basic color term with each of the 

six fundamental color responses. ,The membership functions for the 

terms in any Stage V language are therefore identical with the primitive 

membership functions shown in Figure 2c plus those for black and white. 

Categories like these, whose membership functions are the same as one of the 

primitive mem^rship functions, will be referred to as primary categories. 

Other basic color categories are treated below as more complex functions 

defined on these primitive membership functions. *^ 

When we cast color categories in this mold, several heretofore . 

informal observations regarding the synchronic and diachronlc relations 

among color categories can also be given direct formal expression. Conse- 

< 

quently^it is convenient to use color itself as a dbmain in which to 
prbvide illustration of some additional basic concepts of fuzzy set 
theory. 

17 



Containment : ^ 

In ordinary set theory a set A is contained in a set B (equiva- 
letitly, A is a subset of B) jusc in case evjBrything that is a member of A . 
is also a member of B. If there is also at least one member of B which is 
not a member of- A, we say that A is a ()roper subset of B. iln fuzzy set 
vtheory, a s^L A is concained in a set B just^dn case everything that is a 
member of A is a member »f B to an, equal or greater- degree. Consider the 
sets designated by the English word blue and the Tzeltal word 'green 
or blue,.grue'. The former set is contained in the latter in t,hat every 
color percept that is to any degree a member of English blue -is an equally 
good representative of Tzeltal ya3 > Furthermore '-there are many percepts 
that have zero degree of membership in blue that have non-zero! degree of 
membership in that is, all the greens that have no blue in them. 

Hence, in- an obvious sense, blue is also a fuzzy proper subset of yas , 

' ^ ^\ It 

Consider now a bluish-green (i.e. a color containing more green than blue) 
t.n the r/inge of colors designated in English by a word such as tu rquoise . 
Such color has a non-zero but quite low degree of membership in blue 
when compared to, for example, the color of the sky on a clear day. 
Informal^observations indicate that such colors are better examples of the 
category (green or blue) than- they are of blue and tlis may be expressed 

in fuzzy sre.tjtheory , as we shall see, although facts of this kind are unr 
representable ^i'n- ordinary set theory. It is hard to imagine the kind of 
experiment that could establish this observatior. as a fact. unless we were 
to , find a population of Txeltal-English biling'uals, but Tzeltal-^Spanish 
bilinguals exist ^and relevant experiments could be performed, on such sub- 
jects substituting Spanish a^ul' for English blue. Closer to home we can 

• ' .18 
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imagine experiments — of the sort performed by Rosch (1973) to determine the 
degree of membership of various stimuli in categories — ^hich would employ 

color categories such as scarlet , crimson and red . Stiifiuli that occur on 

\ 

the perceptual boundary of scarlet and crimson might veil refceive lower 
degrees of membership in both scarlet and crimson than they wo^d in red > 
The fuzzy set formalism seems to capture neatly our intuitions chat scarlet 
and crimson are both reds and tHat a color which is scarlet" to some slight 
degree and crimson to some slight degree may be red to a greater degree than 
it is either scarlet or crimson. 

Union 

Irr standard set theory, the union of two sets A, B is the set that 
contains everything that is either in A or in B or in -bot-h. Thus, if the 
set oT people eligible for cheap tickets is the union of the set of registered 
students and the set of people undi^r twelve years old, people who are either 
registered students or. under twelve\ or both are eligible. The union of the 
fuzzy sets A^ B, which we will denote ^A or B' is defined by a function ,which 
assigns to each individual x the larger of the two valS& ^B^^^* 
symbols, we define the union of two fuzzy sets A, B by the equation. 

(3) ^A' n "^f t^A^^Ti] ' 

A £r B df A B 

Let us suppose that we are for some reason interested in yorming the 
union of the fuzzy sets competent basketball player (B) and competent landscape 
' painter (P) . (Perhaps we are composing a guest list for a potentate whose 
, principal avocations are basketball and landscape painting,) Let us further 
suppose that Kareem Abdul-Jabbar has degree of membership of ,99 in B and 
degree of membership of .02 in P, v/hile Joe Purge, who has played semi-pro 

19 ' 
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basketball and sold a few watercolor^< has a degree of n^embership in these 
fuzzy sets of .5 and .6 respectively • Intuitively, pur potentate will be 
wQTe interested in meeting Abdul-Jabbar than in meeting Furge, and so we are 
glad to note that our definition of (B P) gives a higher degree of member- 
ship to Abdul- Jabbar (.99) than to Furge (.6), despite the fact that the sum 
and product of Furge 's. degrees of membership both exceed those of Abdul- Jabbar. 
In standard set theory an individual is in the union of two sets if it is in 
either set and in fuzzy set theory an itidividual is in the union of two sets 
to the greatest degree that it is in eioher set (not to the degree that it 
is in bbth, whatever that might mean). , , 

Several basic color categories found in pre-stage V color systems 
are formally representable 33 unions of various, of the six primary categories 
(See figure 2d). 

■ \ 



■ \ 
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Degree of 
membership 



400 



blue or green 




450 



475 

focal 
(unique) 
blue 



500' 510 

focal 
(unique) 
green 



550 



green and yellow 



575 



focal 
'(unique) 
yellow 



Wavelength in nanometers 

The Fuzzy Sets Blue, Green and Yellow Showing the 
Union of Blue and Green and the Intersection of Green and Yellow. 



Figure 2d 
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On the figure the heavy solid line represents f^j^^^ green* ^^^^ 
lis the- (fuzzy) union- of bluie and green, (blue £r green) = grue. Like other 
categories formed from the union of two' or more primaries, grue will be \ 
referred to as a composite category. Grue is composite in the simple sense 
of being composed of all greens and all blues. Of the fifty-seven Composite 
ua^egories which might be formed by the union of various;, primaries, cnty 
three in addition to grue (cool) have actually been observed as basic^ color 
categories. These are warm (red or yelloi/) , light-warm (white or red or 
yellow), and dark-cool (black or green or blue) -(Berlin & Berlin 1974; 
Dougherty 1975; Kay 1975; McDaniel 1974, f orthcoffiihg) . These composite 
categories aj?€ 'f pund only in Stage IV and earliefr systems. 

Referring again to Figure ^2d, note that' a blue-green stimulus of, 
say, 495 nm has a lower degree of membjership in the grue category than a ' 

. ■ 1 - ' ^ i ^ . 

Stimulus near either the blue or green focal point, 475 nm and 510 nm 

' ' ■ . . .(• . / , ■ - ' I 

respectively. This corriespoiids to the claim that in a language such as 
Tzeltal a stimulus of this color is a poorer example of yas 'grue', ^han a 

stimulus near either the Islue or green unique hue points. No direct evidence 

■ •■ ... ■ ■ " ' ^ . '/ ■ ■ ' 

on this sort of question has been gathered from a language with a basic color 

' ■ ' ' / " ■ ' 

. term meaning grue. However, the fact that in such languages speakers nearly 

always select best examples of grue from stimuli at or very near one of the 

unique hue points (Kay 1975) lends strong, if indirect, support to this claim. 

As in the case of the containment relation, 1:he union operation on fuzzy sets 

deals with facts and intuitions not capturable by considering color categories 

as sets of stimuli in the ordinary sense' of "set". 

22 
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Intersection 

Iti standard s^t theory the intersection of two sets A, B is the set 

f ' . ■ 

that contains just those individuals that are members of A and also' members 
of B. The intersection of fuzzy sets A, B, denoted here 'A and B', i^ 
defined by the function that assigns to each Individual x the smaller of the 
two values f^(x), f^(x). In symbols, the intersection of the fuzzy sets A, B 
is defined by the equation 

- ^AandB=df "^"t^V / i . 

If the color category corresponding to the fuzzy set green and yellow is 
called chartreuse , the defining function of chartreuse is indicated by the 
dotted line in Figure 2d. Colors belpw' 510 nm and above 575 nm have z«ro 
degree of membership in chartreuse. As one' advances to the right from unique 
green (510 nm) and to the left from unique yellow (575 nm) one has initially 
quite poor examples of chartreuse, but as one continues from either end the 
stimuli exemplify chartreuse increasingly well, reaching a maximum somewhere 
in between unique green and unique yellow (though not necessarily exactly in 
the middle, the* location of t^eb maximum depending on the exact' shape of the 



f (x) and f (x) curves as empirically determined. Cf. footnote 2). 

green ' yellow 

Derived Color Categories 

It appears that basic color categories like orange, which like non- 
basic categories such as chartreuse consist psychophysically of mixtures of 
primaries (Sternheim and Boyhton 1966), should be related in some way to the 
corresponding formal constructs consisting of the fuzzy intersections of 
primary colors (e.g. , yellow and red). The correspondence turns out, however. 
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not to be one of Identity,^ Figure 3 shows three possible models for the 
semantic category orange in a language which has a basic color term for 
orange. (In plotting the membership functions of the fuzzy sets yellow, 
red and orange we have used the subjective hue scale as the abcissa because 
the perceptually purest red is non-spectral, that is, it corresponds to no 
monochromatic light. Dimmick and Hubbard 1939), 



/ 

/ 

/ 



/ 

/ 

/ 



/ 



f 

orange 




Three Models for Derived Categories 
(Abcissa represents 'subjective hue scale. 
and 'R' designate focal (unique) yellow and 
red points respectively) ■ 

# 

Figure 3 
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Model A takes the category orange as identical to the fuzzy set 
yellow and red. There are two kinds, of evidence that militate against this 
iDodel. First, Model A implies that there are no really good exaniplWof a 
derived category like orange. . That is, the maximum of the membership funQr- 
tipn for orange is well below the maxima for yellow and red in this model. 
This implication contradicts the generally known fact that subjects are 
essentially as -confident about assigning. good examples of orange to that 
category as they are for the categories yellow and red. Many subjects declare 

that for them orange is just as fundamental a category — just as unique a color ' 

-.J 

sensation — as either yellow or red. A second counterfactual implication of 
Model A is that ho single hue sensation has a. higher degree of membership in 
orange than it has in either yellow or red.- Every hue jpoint under the left 
half o£ the orange membership function has a. higher degree of membership in ' 
yellow than in orange and every point under the right half has a higher degree 
of membership in red than in orange. This is quite contrary to experience, 
both experimental and casual. There is unquestionably a range of hues that 
speakers of English more readily label orange than either yellow or red in 
both experimental and natural speaking contexts' (St ernheim and Boynton 1966) . 

Hence, we are forced to abandon the simplest model. A, in favor of 
a model in which orange is defined, not simply as the fuzzy intersecirion yellow 
and red, but as an independent category with a separate membership function 
covering the region from unique yellow to unique ired and reaching a maximum 
at or near unity somewhere in between. Models B and* C both have these pro- 
perties. The difference between Models B and C is that, while C stipulates 
the retraction of the inner portions of the red and yellow membership curves 
with the advent of a basic category orange, B maintains that every primarily 



red sensation on the yellow side' of unique' red is still yellow to a degree 
and that. every primarily yellow sensation on the red side of unique yellow 

is still red to a degree. The sort of * experiment that could decide between 

. ^ 

models B and C would be one in which subjects were asked to categorize 

. . r . ' i 
,oriange stimuli, that is stimuli whose dominant hue lies between unique red 

and unique yeldow, without using the category orange. If subjects could 
identify a small red component in stimuli close to unique yellow and a small 
yellow component in stimuli close, to unique red,/ this issue would be decided 
in favor of Model B over Model C. Exactly such an experiment has been per- 
formed (Stemheim and Boynton 1966) with results clearly supporting Model B. 
When orange is not allowed as a response category, English speakers produce 
yellow and red naming responses which extend from^one unique hue point to the 
other, showing a smooth decrease from the "home" unique hue point to the 
adjacent one. We therefore reject Model C in favor of Model B.^ 

Models B also captures the fact that while certain hue stimuli are 
categorized primarily by speakers of English as orange they can also be 
categorized in certain contexts, e.g., when the orange category is deliber- 
ately suppressed, as mixtures of yellow and red (Stemheim and Boynton 1966). 

Model B also allows us to account for some of the variety of ways an 
English speaker* might ask for a book of, for example, a yellowish orange color, 

where "yellowish orange color" means in the fuzzy set formalism having a 

"■• • . . . ■ / 

dominant wavelength slightly to the right of the intersection of the membership 
functions of yellow and orange as shown by *x* in Figure 4. A speaker might ' 
ask for "that yellowish orapge book" or "that orange book", but if a book of 
such, a color were on a shelf where all the other books were green, blue or 
near- focal red, an English speaker might simply ask for the "yellow" book. 
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In this context, the relatively high degree of membership of x in yellow 
permits the use of the primary term yellow rather than the seemingly more 
appropriate derived term orange (in the sense that ^Q^^nge^^^^ ^yellow 
since the context is such that no confusion with other objects in the 
stimulus field can arise. 
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Derived basic color categories such as orange, pink, purple and 
grey thus have much In common with the six primaries. They have their own 
membership functions with fairly well defined maxima at or near unity. and 
tails which approach zero at the neighboring focal points. There is, how* 
ever, an Important difference between deri^^ed and primary basic color cate- 
gories; ^the membership maxima of the former are not associated with unique 
hue points In the opponent process model (McDanlel 1972) • Figure 5 shows 
the membership functions f6r blue, green, yellow, orange and red,< Note again 
that for blue j green, yellow, and red the points at which membership maxima 
occur correspond to points, of zero membership ^f or each other membership func- 
tlon. As mentioned these points correspond to the hues experimentally 
' determined to be physiologically unique In the opponent process model* This, 
^however. Is not the case for orange as may be seen in Figure '5. The location 
. of maxljDal membership, focal orange is not correlated ^with the existence of 
an underlying unique hue point. The adjacent categories, red and yellow, do 
not have membership function values of zero at focal orange. Thus the 
points of maximal membership in orange, and other derlT^ed categories, are 
not as simply relatable to events in the opponent-process model as is the 
case for focal red, yellow, green and blue. 
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MemberBhip Functions of the Primary Categories - ! 

Blue, Green, Yellow, and Red and the Derived' 
Category Orange,, Showing that the Latter 
Lacks a Unique Hue Point 



Figure 5 

V . 
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The membership functions of, "derived" color categories may be 
literally derived from the functions of the relevant primaries, at least In 
general outline. It may be observed in Figure 5 that the orange function 
varies inversely with the absolute difference of the yellow and red functions. 
At the yellow and red unique hue points, the value of the absc^lute difference 



f (x) - f ^<x) 

yellow red 



is unity and the value of f (x) is zero. As one 

orange 



moves to the right from unique yellow and to the le-ft from unique red this 

difference decreases until it reaches zero at the point where the f ' . and 

yellow 

f J functions intersect. Nea;r this point the value f • (x) approaches 
red ^ orange 

unity. The fuzzy set f ^ may thus be defined over the domain for which 

orange 

the membership function of (yellow and red) exceeds zero: 

orange df yellow ^ red 

Equation (5) is not a summary of empirical measurements actually made, although 
experiments could be conducted to assess its accuracy. The purpose of equation 
(5) in the present context is just to demonstrate at a conceptual level that 
when we speak of color categories such as orange as "derived" from yellow and 
red, there seems a fairly literal sense of "derive" in which the term is 
appropriate.^ 

If equation (5) or something like it corresponds to an actual neural 
event, it should leave behavioral traces. One possible observable effect of 
this extra step in the neural processing of derived colors might be that 
reaction times for recognizing focal examples of derived colors would be 
longer than for primaries. In a study in which the "fotal" examples used 
were probably not optimal for a proper test of thi^ hypothesis, Heider found 
nevertheless that "primary focal colors [black, white, blue, green, yellow. 
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red] were named significantly more rapidly than non-primary focal colors 
[pink, brovm, orange, purple]; t(22) « 2.86, p < .01 (for correlated measures)" 
(Heider 1972b: 15).^ . : 

To summarise, we have described three types of basic color categories • 
There are six primary categories which correspond to the unique color sensa- 
tions black, white, blue, green, :^ellow, and red (Bering 1964 [1920]; Jameson 
and Hurvich 1955; DeValois. and Jacobs 1968; McDaniel 1972, 1974, forthcotjing) . 
Stage y color systems name these six categories with basic color terms. They 
may be represented as fuzzy sets whose characteristic function^, in the case 
of the hue terms blue, green, yellow and red, have a maximum of unity at the 
corresponding unique hue poj.nt and drop off to zero at the tieighboring unique . 
hue points. The second group, the tomposite categories, occur in termino- 
logies prior to Stage V and consist in fuzzy sets which are unions of primaries. 
The third type, derived categories, are related, but do not correspond pre- 
cisely, to the intersections of primaries. Although the same (non-fuzzy) set 
of stimuli have non-zero degrees of membership in the derived category orange 
as in (yellow and red), the> fuzzy sets orange and (yellow and red) have 
distinct characteristic functions as described above. The characteristic 
function of a derived category reaches a value of zero at two unique hue points 

that are adjacent on the hue scale. This contrasts with the structure of the 

/ , " ... . ^ "... 

primary categories, which 4ave zero values at unique hue points that have a 
third unique hue point j/etween them. While a primary category attains its 
'maximum membership at the latter unique hue" point, the maximum of the member- 
ship function for a derived category does not correspond to a unique hue 
point. The characteristic function of a derived category may $ moreover, • be 
expressed as a function of the characteristic functions of the two constituent 
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primaries, ad In (5). The operation performed on two primary categories to 

• " ' . ••■*/■ . ' 

obtain a derlyed ciategory will be denoted with a plus sign. Hence (orange) ■ 

' ' j. ■ ' ■ ' 

(yellow + red) ^ (yellow and red). / / 

■ • • / . - V 

Finally a question arises regarding the status of secondary color - 

categories corresponding' to non-basic color terms such as chartreuse . Like 

derived categories, these j^categorles are psychophyslcally combinations of 

primaries. The fuzzy set formalism pvoyldes an attractive possibility to 

• ■ — 

model them, but It is not clear whether or not this move is empirically 

Justified. We may take a secondary category like chartreuse as corresponding 

h . - - ^ ■ 

to the intersection of the fuzzy sets greisn and yellow (see Figure 2, where 

/■ _ - 

thia is tacitly assumed) . An empirical claim Bntailed by this formal move 
is that that speakers with chartreuse in their active vocabularies shou!).d 
judge any stimulus they judge as chartreuse to a positive degree to be an 
equal or better representative of either green of yellow. This speculation ' 
is hot immediately rej'ected by introspection or casual obseryatloii, but on 
the .'Other hand we know of no systematic data that support it. If some sub- 
jects were found to react to appropriate stimuli with the labels chartreuse , 
yellow and green in the manner just suggested and others were to use 
chartreuse in the way thai subjects generally use labels for derived basic 
categories such as orange , we might. have grounds to say that chartreuse has 
achieved basic term status for the second group of subjects although not for 
the first. 

The Encoding Sequence ' ^ 

The empirical facts relevant to the restatement of the encoding 
sequence (McDaniel 1974, forthcoming) are summarized in Berlin and Berlin 
(1974), Dougherty (1974, forthcoming), Kay (1975), and McDaniel (1974, 
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forthcoming). In diagram (6) the arrow represents a binary relation which 
is irreflexlve, antisymmetric, and transitive, and which may be read 'occurs 
before' or 'prec^es In time'. The primary color categories, white, black, 
red, yellow, green, blue may be thought of as the fuzzy sets named by the 
English words white, black , red., yellow , green , blue or the corresponding 
words in any language of Stage V, VI, or VII. ^ The two composite qategorles 
which constitute Stage I, light-warm Cwhite or red or yellow) and dark-cool 
(black or green or blue), correspond on the one had to the "inherently light' 
and "inherently dark" groupings of color sensations recognized by Bering 
(1964 [1920]; see discussion in McDanlel forthcoming) and on. the other are- 
equivalent in extension to the two basic color terms in Danl (Helder ;i972a, 
Heider and Olivier 1972)., The composite category red or yellow (warm); 
which occurs at Stages II and Ilia, is a basic color category for Stage II 
speakers in Bellonese (Kuschel and Monberg 1974) and for Stage Ilia speakers 
in Aguaruna (Berlin and Berlin 1975) and West Futunese (Dougherty 1974, 1975) 
The composite category green or- blue is the well known grue or cool category 
reported for many languages of the world Including probably the majority of 
New World languages (Hays et. al. 1972; Bomsteln 1973a, b). jThe derived 
categories brown, orange, purple, pink and grey are all present in- English. 
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The Evolutionary Sequence of Lexical Encoding of Basic Golor Categories 
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, A glance at the encoding sequence. (6) shows several patterns that 

are neatly revealed by the fuzzy set formalism. First J we are able using 



thid device to talk in a more general manner about the development of cate- 
gories (= fuzzy sets) rather than having to shift back and forth between foci 
and boundaries^ because fuzzy set theory is a more natural formalism for 
speaking about categories with degrees of membership tttan is the language of 
"focus" and "boundary". Furthermore the fuzzy set language is more 'accurate 
for color categories per se . When we ^> formulate color categories as fuzzy sets 
we can^see that the focus and boundary mod^l says both too much ancl too little* 
To talk of ' boundaries entails — or at least invites^ the inference — that the 
edges of color categories are shaprly defined and that all. stimuli within the 
boundary are equally first class citizens of the category. This -is not so, 
since stimuli increasingly far from the focus are increasingly poor members 
of a category. The way in. which the focus and boundary language says too 
little is closely related. In the focus and boundary terminology we in 
effect distinguish exactly three degrees of category membership, focal member, 
non-focal member and non-member, but the great mass of experimental data in 
color naming and classification as well as common intuition indicate that 
in fact color categories have continuously graded degrees of membership, 
rather than some particular small finite number, such as- three. 

I Secondly, we can express formally cfie fact that progression^th^ough 
the encoding sequence^ amounts to cutting up the color space into succesrrively 
smaller p*iecp.s (McDaniel 1974, forthcoming). The precise sei^se in which this 
is. true will become clearer in the next section. 

Thirdly, one may note that all the composite categories are dis*- 
solved into their constituent primaries, at Stage V, before any of the derived 
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ce ftgories are formed, with the exception of the "wild card" category gtey. 
Until Stage V, color lexicons develop by dividing .categories composed of 
unions of primary color sensations Into these primary categories. " After 
Stage V, new basic color categories are derived from existing categories 
(McDaniel 1974; forthcoming) via functions such as (5). 

Fourthly, the fact that so far no language investigated contains 
more than eleven basic color terms, with the possible exception of Russian 
(siee Berlin and Kay 1969:35-6), seems now more an accident of the present 
moment in world history than a theoretical inevitability. Russian goluboy 
'light blue, blue + white' is a potential instance of a twelfth basic color 

term, as it is a_baslc' tertn for some Russian speakers, though probably not 

— — "8 

for all. We cannot be certain that goluboy will not in the future achieve 
basic terra status for all speakers of Russian. Similarly, it Is possible 
that several secondary terms in English derived from pairs of basic categories 
will also become basic terms, for example, aqua , turquoise 'blue 4- green', 
maroon , burgundy 'red + black' , chartreuse , lime ,' green + yellow'. Some of 
these may be basic terms for some speakers already. Certain secondary cate- 
gories in current American English appear to be derived from one primary and 
one derived category and it is not unthinkable that some of these may also 

some day become basic categories for a large number of speakers. Examples are 

; . . * 9 * 

beige 'yellow with grey*", lavender 'purple with white'. The fuzzy set form- 

alism allows us to see how derived basic categories are produced by combining 

the primary categories, which denote the fundamental color percepts, and to 

see with greater clarity the general process involved in evolution of advanced 

color term systems. There is no apparent reason to believe that that pattern 

is complete at the present number of eleven basic terms. 
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Fuzzy Partitions 

To continue our discussion of_thy"g^dlng^ sequence of basic color . 
categories viewed as fuzzy sets, It Is desirable to Extend fuzzy set theory 
in a minor and mathematically trivial way by defining fuzzy partition. In 
standard set theory a collection of subsets partitions a set A just if (a) 
everything in A belongs to gne of the subsets and (b) nothing in A belongs 
to more than one of the subsets. The subsets are often called cells or 
blocks of the partition.^ We take as our universal set the set of color 
percepts, and we wish to generalize conditions (a) and (b) so that we may 
ask and answer questions such as whether a given set of color terms parti- 
tions the universal set of color percepts or whether a given pair of color 

> 

categories such aa blue and green partition a third category such as blue 
or gteen (grue). Condition (a), the exhaustlveness condition, is taken over 
directly into the definition of fuzzy partition, translating ^belongs to' 
as 'having a non-zero degree of membership ln'.-^° But condition (b) , the 
mutual exclusion condition, cannot be taken over directly since distinct 
but adjacent primary color categories overlap a great deal. Aa we saw 
above taee Figure 2) , every green above 510nm (unique green) is also to 
some positive degree yellow, and every yellow below 575mn (unique yellow) 
is to some positive degree green. As Figure 2 shows, all greens except for 
a point or very narrow band width around 510nm have some component of 
either blue or yellow in them. These are not suppositions of 



the formalism 



but facts for which the formalism must account. 

I - 

j We will replace condition (b) , the mutual exclusion 



condition, 

. by a statement to the effect that each cell of the partition Ubb at least 
one member that belongs to no other cell. 
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It will be noted that in availing ourselves of the convenience o,f 
saying that an individual belongs to a fuzzy set A just in case that individ- 
ual has a non-zero degrei;* of membership in A, we have given tacit recognition 
to the fact that to every fuzzy set A there corresponds a standard set, which 

we villi denote 'A ' , whose members are the individuals that belong to A. For 

s • 

example » the standard set corresponding to the fuzzy set green is. denoted 

•green * and consists of those color percepts that' are to some positive degree 
s • 

green; that is any color whose dominant wavelength Is between 475 nm and 

575 nm (see Figure 2). The relevance ot this comment is that when we define 

the notion partition for fuzzy sets we want the set being partitioned to be 

a standard, not a fuzzy set, although we want the cells of the partition to 

be fuzzy sets. For example, j^hen we say that the fuzzy sets green and blue 

form a partition of the set "^rue", by "grue" we mean grue , the standard 

set whose members are grue to any positive degree. This approach allows us 

to ask and answer the question whether a full color terminology partitions 

the universal set of color percepts. The latter is a standard, not a fuzzy 

set, and so particularly in this case we want a fuzzy partition to take a 

standard set into a collection of fuzzy sets. 

Given a standard set A^ and a collection P of fuzzy sets P^^, ?r^^*..p 

P the union of whose corresponding standard sets, p- U . • • P„ t is A , we 
n • o ins 

. s s 

say that P constitutes a fuzzy partition of A^ just in case (a) for every 

individual x In A there is a p. in P such that x belongs to p and (b) for 
si 1 

every p^ in P, there is at least one x ir A^ such that (i) x belongs to 

and (ii) there is no p^ in P (Pj 9* p^^) such that x belongs to py In. symbqls, 

a collection P of fuzzy sets Is a partition of a standard set A if and only if 



(7) (a) 0 . . . U = 

/ s s ■ ' 

' (I) j (Vx)(lf X e Ag then Op^Xp^ e P and x e p^)) 
(c) (Vp^Xif p^ e P then (3x)((x e A^ and x e P^) and 
^(OPj) Pj e P and Pj i' p^ and x e p^))). 

The primary categories, whose one-to-one lexical encoding constl- 
tutes a Stage V system, partition the domain of co^or. That is, (a) subjects 
given the labels black, white , red , yellow , green , blue can classify any 
color stimulus and (b) for each of these six categories there exist color 
fltimuli that are classifiable only in that the category and not in any of 
the other five (Hering 196A [1920]; Sternhelm and Boynton 1966). 

From this observation and a fuzzy set interpretation of the encoding 

sequence (6), it follows that every basic color lexicon coni:ains a partition 

of the universe of color. Consider first the Stage VI and VII lexicons. 

Since all Bix primaries are c.:r:ained in Stage VI and VII terminologies, these 

terminologies contain a partition of the color domain, which consists simply 

of the six primaries. Now consider terminologies of Stages I through IV. 

Each of these types of terminology consist of composite categories, composed 

by unions of and exhausting the list of primaries. It is easy to show that 

if we start with a fuzzy partition P of a standard set A and create a new 

s 

collection of composite sets by taking unions of the members of P in such a 
way that every member of P occurs in exactly one of the composite sets, the . 
collection of resulting composite sets Is also a fuzzy partition of A^-''^^ 
Hence each terminology of Stages I through IV also constitutes a fuzzy parti- 
tion of the domain of color percepts. So at any stage, the basic color 
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categories contain a set of categories which partition the entire color space. 
Tlie basic color term vocabularies at each stage provide terms for all colors. 

From Stage I through Stage V, each evolutionary development i consists 
of a refinement of tl^e partition of the color domain, where "refinement of a 
partition" refers to the creation of a new partition which cla£^sif ies sepa- 
rately everything classified separately in the old partition and In addition 
classifies separately at least two individuals classified as the same in the 
ole partition. addition q{ derived basic categories at stages subsequent 

to V does not refln^the partition of the color domain because the derived 
categories do not pat\^fy condition (7c) of fuzzy partition. There is no 
color sensation that belongs to a derived category that does not also belong 
to a primary category. In fact, every point L(fimulu$ in a derived category 
belongs to both of the categories from which it is derived. This fact 
supports the observation th<>^: derived categories are fundamentally less 
important than primary nategories. Derived categories are in two senses 
gratuitious: (n) any color sensation can be referred to without using one 
of them, (b) no color sensation can only be referred to by using one of them 
(Hering 1964 [1920]; Sternheim and Boynton 1966). 

In this context; the question may be asked whether derived cate- 
gories should be considered basic color categories at all in the sense of 
providing the meanings of basic color terms. In specifying the referential 
at^tributes of the definition of basic color terms, Berlin and Kay had in 
mind tacitly a standard set theory model wher^ they said "(A basic color 
term's] significance is not Included in that of any other color term** 
(lQ60r6>. Wp mrtv /iflk whnMipr i\ hnf^ic hut non-prim/irv cntpgory like orange 
satisfies the translation of this criterion into fuzzy set theory. The 
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answer Is that it does. The derived category orange is .not contained in 
either yellow or red (or of course any other category). It wlll.be recalled 
that a fuzzy set, say that defined by f^^^(x) contains another, say that 
defined by f^^^^g^Cx). just In case f^^^(x) exceeds f„^^„g^(x) for all x. 
But as we have defined the derived category orange this holds for neither 
yellow and orange nor for red and' orange (see Figure SB). Thus the notion 
that non-primary, derived categories may nonetheless be basic color cate- 
gories survives the translation into the fuzzy set model. 

Conclusion , 

It has been shown that it is possible to give natural expression 
in fuzzy set theory to a large number of empirical observations regarding 
the extent, nature, and evolutionary relationships among basic color cate- 
gories. Unlike standard set theory, fuzzy set theory is a continuous, 
rather than discrete, mathematics. Hence, it appears that the natural 
mathematics to describe the perceptual/cognitive schema underlying at least 
one semantic domain is continuous. Evidence is accumulating that the domain 
of color is not unique in this regard (Kay n.d.), and the sum of this evi- 
dence offers additional challenge to traditional, discrete feature theories 
of semantics (Fillmore 1975). 



46 



■ .39 

Footnotes 

.. ■ • • ^ _ 

Actually the range of the. function need not be restricted to the 
real interval [0,1], but we have no need to concern ourselves here with 
these more general mathematical considerations. 
2 

For convenience in this and subsequent figures, characteristic func- 
tions are drawn as symmetrical, bell-shaped curves with the unique hue 
point at the center. This Is strictly a graphic convenience in an argument 
that is not concerned with the details of the shape of these curves. Exist- 
ing evidence suggests that the real functions are not in fact symmetrical 
about the unique hue points. Moreover, unique hue points are not equally 
spaced on either the wavelength or subjective (jnd) scales » as they appear 
in some subsequent figures. Nothing in tbe argument of this paper, however, 
hinges on the oVer-simplif ications employed here in depicting the character- 
istic function curves. 

3 * ' ' 

The question of non-basic categories like chartreuse is taken up again 

later. 
4 

At the moment^ we have no evidence which would allow us to determine if 
iwith the Introduction the derived category orange, the membership functions 
for the categories, red and yellow would remain the same or might be lowered 
while still remaining positive throughout the region between unique^ yellow 
and unique red. Experiments of the type performed by Sternheim and Boynton 
(1966) comparing speakers of a Stage V language (naturally without orange) to 
Stage VII speakers prohibited from use of orange might reveal these details 
of the effect that Introducing a derived category has on the primary category 
membership functions. 
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As we remarked in note 2, the curves given here are not intended to 
be taken literally. If the membership curves for yellow and red were bell- 
shaped as pictured, the derived curve for orange given by (5) would be 
pointed at th6 top, i.e., discontinuous, rather than reaching its peak in ' 
a smooth, bell-shaped manner. Again we leave to empirical investigation 
the establishment of the detailed shape of the curve. Perhaps log oif'^ power 
functions will ultimately be found to relate overt color naming behavior to 
the relevant physical continua, as functions of this general kind are fre- 
quently involved in relations between subjective sensations and the underly- 
ing physical scales (Stevens 1957). 

■ ■ / ■ ■ 

John Atkins has pointed out (personal communication) that the right 
side of (5) is equivalent to 

2 ( If ^ ■ (x) and f ^(x)( ) 
yellow red ^ ^ 

on the reasonable assumption that at any point on the abcissa all the mem- 
bership functions for the four primary color categories sum to unity. 

^ The absolute order of reaction times was not, in exact agreement with 
the hypothesis. Whereas orange, purple, pink and brown should have had the 
four longest response latencies, ^he actual rank order of latencies was (from 
shortest to longest) black, yellow, white, purple , blue; red, pink, brown, 
green , orange (Heider 1972b:15). But there are at least two difficulties 
with Heider 's methodology which suggest caution in interpreting these results. 
First Heider determined "focal" colors by taking the "geometric centers" of 
the areas enclosing all the focal choices in the Berlin and Kay (1969:9) data 
(Heider 1972b:12). Unfortunately, focal greens in Berlin and Kay were overr 
extended toward blue due to a misclassif ication of Vietnamese xanh , grue, 
with a near unique blue focus 'as GREEN. Thus the "focal" green Heider used, 
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Munsell 7,5G 5/10, is rather distant in both hue and saturation from the , 
.10 GY and 2,5 G hues typically chosen as focal greens. This' particular 
difficulty might help explain the especially low position of green in the 
response latency rankings, 

Second, and more importantly, Berlin and Kay obtained their focal^color 
judgements, which Heider used to select her stimulus materials , under a 
standard illuminant A while Heider conducted her tests with daylight flour- 
escent illumination. The difficulty here is that object colors can shift 
radically with changes in illuminant conditions. Thus, Haider's relatively 
well defined illuminant A focals may have been poor approximations to the \ 
focal colors when viewed under her daylight flourescent illuminant conditions 
A less than ideally constituted set of stimuli for the given experimental 
conditions may therefore be in part responsible for the equivocal nature of 
these results. 

^ The^ dotted arrow indicates that grey may occur "as a wild card at 
various points in the sequence" (Berlin and Kay 1969:45), Whereas, Berlin 
and Kay originally guessed that it might occur, /'say at any point after Stage 
IV" (p, 45), more recent information shows that grey may occur at any stage 
from Ilia onward, or possibly even earlier (Alpher, personal communicaticm; 
MacLaury n,d. ) • 

8 

(Cf, Daly n,d,) Other Slavic languages have mono-lexemic terms for 
'light blue', but these appear to be basic terms for very few speakers, if 
any (Daly n,d,). For a discussion of inter-informant variability in color 
lexicon within a language, see Kay 1975, / 
9 

We have written "with" rather than because we have not worked 
out the mathematics of these categories. It does not appear that a simple 



extension of the operation + will woA in these cases. 

For example, the cells of a jailV normally provide a partition of . 
the set of prisoners since very prisoner Ijs assigned to a cell and no pri- 
sonier is assigned to more than one cell. 

Zadeh cautions, "the notion of 'belonging,' [membership] which plays 
a fundamental role in the case of ordinary sets, does not have the same role 
in the case of fuzzy sets* Thus, it is not meaningful to speak of. a point 
3c 'belonging' to a fuzzy set A except in the trivial sense of f.(x) being 
positive" (1965:342). We will henceforth use 'belong' in just this sense, 
since with respect to color the notion is not trivial. Zadeh appears to 
have in mind applications in which few, if any, individuals in the relevant 
domain will have zero membership in any of the fuzzy sets under discussion. 
Such is not the case in color. For example, no color percept that belongs 
to red, belongs to green, and conversely. The same holds for blue and 
yellow. In discussing color percepts and categories it is often of interest 
to know if a given percept belongs (to any positive degree) to a certain 
category. Similarly, it is often of interest to know whether two categories 
have members in common, like green and yellow, or are disjoint, like green 
and red. 

12 If . r 

(1) A is a standard set, 

s ■ 

(ii) P {fj^, f^,..., f^^ is a fuzzy partition of ,A^, 
(iii) P' is a collection of fuzzy sets such that (a) each 
p, tP' is the union of one or more members of P and 
(b) each ^^^^ occurs in exactly one member of P'; 
Then P' is a fuzzy partition^ of A^. 
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' Proof: (a) Consider an arbitrary element xeA^. By hypothesis (11) there 
is at least one f^eP such that x belongs to f^. By hypothesis (Hi) there is 
at least one p^eP' such that x belongs to p^. 

(b) Consider an arbitrary p^eP\ By hypothesis (iii) p^ contains 
at least one f^eP. By hypothesis (ii) has a member x which belongs to no 
other f^eP (f^ ^ f ^) . Hence x belongs to no other Pj^P'* So for an arbitrary 

p eP' there exists an element xeA which belongs to p and which belongs to 

^ i 

no other p^eP' (p^ p^). The proof is complete. 

As noted, the way we have defined fuzzy partition excludes derived 

categories from being possible cells of a tiartition because they do not meet 

the mutual exclusion condition (7)c. Fuzzy partition may be alternatively 

defined with a weakened mutual exclusion condition which is met by derived 

color categories as well as by the primaries. 

Recall that in the original statement of fuzzy mutual exclusion (7)c, 

a collection of fuzzy sets meets this condition just iiE for each fuzzyj set 

r . ■ . 

there is an individual that has positive membership in this set and zero 

degree of membership in^ach other set in the collection. This may be weak- 
ened by defining a collection of fuzzy sets as mutually exclusive just if for 
each fuzzy set there is an individual that .has a higher degree of membership 
in this set than in any other set in the collection. ' In Figure lA fuzzy sets 
A,B,C partition the domain of individuals, represented by the abcissa, while 
in Figures IB and IC there is no partition. 
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and Fuzzy Partition 

. Figure I 

Note that none of the situations depicted in Figure I conforms to the 
definition of fuzzy mutual exclusion (and hence fuzzy partition) given in 
(7)C. If this weakened version of fuzzy mutual exclusion and fuzzy partition 
is adopted, then addition of derived categories after Stage V does further 
refine the partition of the color domain. This formulation would appear to 
characterize the systems of those Individuals for whom derived categories 
such as brown, pink, orange, and grey are on a perceptual/conceptual par with" 
the primaries. Uote that in the alternate definition of fuzzy partition 
categories such as crimson (Cf . Figure IB) and chartreuse (Cf . Figure IC) 
still'^do not participate in a refinement of the partition. 
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